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Abstract— This paper deals with different image theorems, i.e., Love’s equivalence principle,
the induction equivalence principle and the physical optics equivalence principle, in the spherical
geometry. The deviation of image theorem approximation is quantified by comparing the modal
expansion coefficients between the electromagnetic field obtained from the image approximation
and the exact electromagnetic field for the spherical geometry. Two different methods, i.e., the
vector potential method through the spherical addition theorem and the dyadic Green’s function
method, are used to do the analysis. Applications of the spherical imaging theorems include
metal mirror design and other electrically-large object scattering.
1. INTRODUCTION
Different image theorems have been widely used for electromagnetic modeling of mirrors and lens
antenna [1]-[20]. In [20], Rong and Perkins applied the image theorems to mirror system design for
high-power gyrotrons. The author also theoretically evaluate the validity of the image theorems in
the cylindrical geometry [1]. In this article, following similar procedures in [1], a closed-form formula
for the discrepancy parameter, which is defined as the ratio of the spherical modal coefficient for
image theorem to that of the exact field, has been derived for the spherical geometry.
2. IMAGE THEOREMS IN THE SPHERICAL GEOMETRY
Fig. 1 shows the spherical geometry for image theorem analysis.
The Vector Potential Method
The spherical modal expansion In spherical coordinates, the electrical vector potential F(r)
for Ms(r
′) is given as [21], [22],
F(r) = ǫ0
∫ ∫
S′
dS′ Ms(r
′)g(r− r′) =
−jkǫ0
4π
∫ ∫
S′
dS′ Ms(r
′)h
(2)
0
(
k[r − r′]
)
(1)
where, h
(2)
0 is spherical Hankel function of the second kind of order 0. According to the spherical
addition theorem [21], [22],
h
(2)
0
(
k[r − r′]
)
=
∞∑
n=0
(2n + 1)jn(kr
′)h(2)n (kr) (2)
×
n∑
m=0
(2− δ0m)
(n−m)!
(n+m)!
Pmn (θ
′)Pmn (θ) cosm(φ− φ
′)
where, jn is the spherical Bessel function of the first kind of integral order n; P
m
n is the associated
Legendre polynomial and δ0m is the Kronecker delta function (δ
0
m = 1 for m=0 and δ
0
m = 0 for
m 6= 0). Substituting (2) into (1), the modal expansion of F(r) is obtained as,
F(r) =
∞∑
n=0
n∑
m=0
fMs
TE
(n,m)h(2)n (kr)P
m
n (θ)
cosmφ
sinmφ
fm,Msn, TE = χ
∫ ∫
S′
dS′ Ms(r
′)jn(kr
′)Pmn (θ
′)
cosmφ′
sinmφ′
χ = (2− δ0m)
−jkǫ0
4π
(2n + 1)(n −m)!
(n+m)!
. (3)
2Figure 1: Image theorem in the spherical geometry: the incident field Ei propagates onto spherical surface
S′, then it may forward-propagate to E+ or it could be back-scattered to E−, depending on whether surface
S′ as a fictitious surface where the equivalence theorem applies on a PEC surface. nˆ+ and nˆ− are the
outward and inward surface normals on spherical surface S′ respectively. Ms and Js are equivalent surface
currents for Love’s equivalence theorem. M+s is the image approximation of Love’s theorem and M
−
s is the
image approximation for the induction theorem.
The near field to far field transform of (3) in the spherical coordinate is given as [23],
F(r)r→∞ =
je−jkr
kr
∞∑
n=0
n∑
m=0
jnfMs
TE
(n,m)Pmn (θ)
cosmφ
sinmφ
(4)
The duality relation can be used to obtain the magnetic vector potential A(r) for the Js ap-
proximation as follows,
A(r) =
∞∑
n=0
n∑
m=0
gMs
TE
(n,m)h(2)n (kr)P
m
n (θ)
cosmφ
sinmφ
gm,Msn, TE = χ
′
∫ ∫
S′
dS′ Js(r
′)jn(kr
′)Pmn (θ
′)
cosmφ′
sinmφ′
χ′ = (2− δ0m)
−jkµ0
4π
(2n + 1)(n −m)!
(n+m)!
. (5)
The back-scattered and forward-propagating waves Similar to the cylindrical geometry, we
can separate (3) into back-scattered and forward-propagating waves as,
jn(kr
′) =
1
2
{
h(1)n (kr
′) + h(2)n (kr
′)
}
(6)
fm,Ms±n, TE =
χ
2
∫ ∫
S′
dS′ Ms(r
′)h(1),(2)n (kr
′)Pmn (θ
′)
cosmφ′
sinmφ′
3Since the spherical harmonics is a complete basis set, we can always express the initial incident
electric field E(r′) on the initial spherical surface S′ with radius of r0 (in Figure 1) as follows,
E(r0) =
∞∑
n=0
n∑
m=0
am,en,o M
m,e+
n,o (r0) + b
m,e
n,o N
m,e+
n,o (r0)
ψm,e+n,o (r0) = h
(2)
m (kr0)P
m
n (cos θ
′)
cos(mφ′)
sin(mφ′)
Lm,e+n,o (r0) = ∇ψ
m,e+
n,o (r0)
Mm,e+n,o (r0) = ∇×
{
arrψ
m,e+
n,o (r0)
}
Nm,e+n,o (r0) =
1
k
∇×Mm,e+n,o (r0) . (7)
From (3) and noting that M+s (r0) = 2E(r0)× ar, on spherical surface S
′ in Figure 1,
E˜(r0) = −
1
ǫ0
∞∑
n=0
n∑
m=0
{
Lm,e+n,o (r)× f
m,Ms
n, TE
}
(8)
Lm,e+n,o (r0) = ∇ψ
m,e+
n,o (r0)
The approximate field E˜(r0) on the initial spherical surface S
′ is obtained from (3) through
image theorem approximation,
E˜(r0) =
∞∑
n=0
n∑
m=0
a˜m,en,o M
m,e
n,o (r0) + b˜
m,e
n,o N
m,e+
n,o (r0) (9)
Now the deviation of the spherical coefficients a˜m,en,o , b˜
m,e
n,o in Eq. (9) from their exact values
am,en,o , b
m,e
n,o in Eq. (7) is defined as the discrepancy parameters ζ,
ζMs
TE
=
a˜m,en,o
am,en,o
= −j2kr0h
(2)
n (kr0)
∂[krjn(kr)]
∂kr
r=r0
ζMs
TM
=
b˜m,en,o
bm,en,o
= j2kr0jn(kr0)
∂[krh
(2)
n (kr)]
∂kr
r=r0
and,
ζMs,±
TE
= −j2kr0h
(2)
n (kr0)
∂[krh
(1),(2)
n (kr)]
∂kr
r=r0 (10)
ζMs,±
TM
= j2kr0h
(1),(2)
n (kr0)
∂[krh
(2)
n (kr)]
∂kr
r=r0 .
Similar expressions exist for Js image approximation,
ζJs
TE
= ζMs
TM
, ζJs
TM
= ζMs
TE
(11)
ζMs,±
TE
= ζJs,±
TM
= [ζJs,±
TE
]∗ = [ζMs,±
TM
]∗ .
The Dyadic Green’s Function Method The magnetic dyadic Green’s function in the spherical
coordinate is,
G¯m(r, r
′) = −
arar
k2
δ(r− r′)−
∞∑
n=−∞
jπ
2kn(n + 1)
4Table 1: Summary of ζ+,−TE, TM(ms, js) for the spherical geometry
TE/TM modes and Ms/Js The relations ζ
+,−
TE, TM(Ms,Js) r0 →∞
TE & Ms / TM & Js
Sphere: back-scattered wave ζ−
TE
(Ms) = ζ
−
TM
(Js) −jkr0h
(2)
n (kr0)
∂[krh(2)
n
(kr)]
∂kr r=r0 (−1)
ne−j2kr0
Sphere: forward-propagating wave ζ+
TE
(Ms) = ζ
+
TM
(Js) −jkr0h
(2)
n (kr0)
∂[krh(1)
n
(kr)]
∂kr r=r0 1
TM & Ms / TE & Js
Sphere: back-scattered wave ζ−
TM
(Ms) = ζ
−
TE
(Js) jkr0h
(2)
n (kr0)
∂[krh(2)
n
(kr)]
∂kr r=r0 −(−1)
ne−j2kr0
Sphere: forward-propagating wave ζ+TM(Ms) = ζ
+
TE(Js) [ζ
+
TE(Ms)]
∗/[ζ+TM(Js)]
∗ 1
×
n∑
m=0
1
Qnm
{
Mm,en,o (r
′)Mm,e+n,o (r) +N
m,e
n,o (r
′)Nm,e+n,o (r)
}
and, Qnm =
2π2(n+m)!
(2− δ0m)(2n + 1)(n −m)!
(12)
where Mm,en,o (N
m,e
n,o ) is obtained by replacing h
(2)
n with jn in M
m,e+
n,o (N
m,e+
n,o ). The approximate field
E˜(r) for M+s (r
′) is given as,
E˜(r) = −∇×
∫ ∫
S′
dS′ M+s (r
′).G¯m(r, r
′) (13)
Substituting (12) into (13) and using the orthogonal properties of spherical modal functions, the
approximate field E˜(r0) on initial spherical surface S
′ is obtained as,
E˜(r0) =
∞∑
n=−∞
n∑
m=0
jπ
n(n+ 1)Qnm
cm,en,o M
m,e+
n,o (r)
dm,en,o N
m,e+
n,o (r)
(14)
×
∫ ∫
S′
dS′
[Nm,en,o (r′)]∗ ×M
m,e+
n,o (r′)
[Mm,en,o (r′)]∗ ×N
m,e+
n,o (r′)
· ar′ .
The evaluation of (14) also leads to (9) and (10).
The Analytical Formula for Image Theorems in the Spherical Geometry Similar to the cylin-
drical geometry, ζMs,Js+TE,TM in (10) and (11) can be considered as theoretical formulas for evaluation of
the image theorems for narrow-band fields in the spherical geometry. The large argument asymp-
totic behaviors of ζMs,Js+TE,TM for r0 →∞ can be obtained by noting that,
h(2)n (kr0) = [h
(1)
n (kr0)]
∗ ∼
1
kr0
j(n+1)e−jkr0, kr0 →∞
ζMs,Js+
TE,TM r0→∞ = 1 . (15)
3. RESULTS AND DISCUSSION
TABLE 1 summarizes the properties of ζMs,Js±TE,TM , for the back-scattered and forward-propagating
waves respectively. For r0 → ∞, ζ
Ms,Js
TE,TM = ζ
Ms,Js+
TE,TM + ζ
Ms,Js−
TE,TM shows fast oscillations, which can be
5Figure 2: The spherical geometry - threshold radii rth Vs. n=0 to 100, for different accuracies, from −60
dB to −30 dB (in 10 dB increment, from bottom to top): a) the magnitudes 20 log10(|ζ
Ms+
TE
| − 1), and b)
the imaginary parts 20 log10[ℑ(ζ
Ms+
TE )]. The inset plots in a) are used to make the display clearer. Similar
to the cylindrical geometry, imaginary parts ζMs+
TE
require larger threshold radii rth for the same accuracy.
seen from TABLE 1. Mathematically, the oscillations only appear as modal expansion coefficients
and disappear after the implementation of the double sums in (9). Physically, the oscillations are
due to back-scattered fields, which approach 0 for r0 →∞. For example, consider ζ
Ms−
TE
in (10),
E˜−(r0, φ) =
∞∑
n=0
n∑
m=0
{
ζMs−
TE
cm,en,o M
m,e+
n,o (r0) + ζ
Ms−
TE
bm,en,o N
m,e+
n,o (r0)
}
(16)
Changing the variable φ′ = φ− π and letting r0 →∞, from TABLE 1, (16) reduces to,
E˜−(r0, φ
′) r0→∞ =
∞∑
n=0
n∑
m=0
e−j2kr0
{
cm,en,o M
m,e+
n,o (r0)− b
m,e
n,o N
m,e+
n,o (r0)
}
. (17)
Now, the back-scattered field E˜−(r0, φ
′) r0→∞ → 0 due to the fast variation phase term e
−j2kr0 ,
which means that the oscillation in ζMs−
TE
doesn’t appear in the actual field evaluation for r0 →∞ .
Based on the above discussion, ζMs,Js±TE,TM is the theoretical formula of interest to evaluate the
validity of image theorems.
It is also helpful to plot the corresponding threshold radius rth with respect to n, for both
20 log10(|ζ
Ms+
TE
| − 1) and 20 log10{ℑ[ζ
Ms+
TE
]}, with different accuracies ranging from −60 dB to −30
dB (in 3 dB increment), as in Fig. 2. It can be seen from Fig. 2 that, in order to achieve an
accuracy of −30 dB for |ζMs+
TE
| (with respect to 1), rth ∼ 8λ and rth ∼ 16λ for n = 50 and n = 100
respectively. However, for the imaginary part ℑ[ζMs+
TE
], rth ∼ 9.5λ and rth ∼ 18λ are required for
n = 50 and n = 100 respectively, which again implies that the imaginary part ζMs+
TE
dominates the
accuracy of image theorems.
64. CONCLUSION
For spherical geometry, the theoretical formulas for evaluation of the image theorems (both Ms
and Js approximations) have been derived through two equivalent methods - the vector potential
method and the dyadic Green’s function method, for both TE and TM modes. The ratio of the
spherical modal coefficient of the image theorem to that of the exact field is used as the criterion
to determine the validity of the image theorem.
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